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Example 5.2

A particle limited to the x axis has the wave function ¥ = ax between x = 0Oand x = 1; ¥ = 0
elsewhere. (a) Find the probability that the particle can be found between x = 0.45 and x =
0.55. (b) Find the expectation value {x) of the particle’s position.

Solution
(a) The probability is
X5 0.55 x3 0.55
j [¥|* dx = a* f x*dx = a° [—] = 00251
X, 0.45 3 loas
(b) The expectation value is

(x) = J: x| P dx = a’ J
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Example 5.3

An eigenfunction of the operator d*/dx* is y = ¢**. Find the corresponding eigenvalue.
Solution

Here G = d*/dx?, so

: d’ dr d d ,
G = E(Ezr) = E[F(EL’C}] = EQEEX) — 4,2

But ¢ = ¢, so
G = 44
From Eq. (5.34) we see that the eigenvalue G here is just G = 4.
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Two-Dimensional Infinite Potential Energy Well
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Example 5.4

Find the probability that a particle trapped in a box L wide can be found between 0.45L and
0.55L for the ground and first excited states.

Solution

This part of the box is one-tenth of the boxs width and is centered on the middle of the box
(Fig. 5.6). Classically we would expect the particle to be in this region 10 percent of the time.
Quantum mechanics gives quite different predictions that depend on the quantum number of
the particles state. From Egs. (5.2) and (5.46) the probability of finding the particle between x;
and x> when it is in the nth state is

* 2 % nTX
P, = A= = f in’ dx
S J‘xl |¢‘ I I Jo o L

|: X 1 . 2nmx ]xl
)| i sin
L 2nTr L

Here x; = 0.45L and x; = 0.55L. For the ground state, which corresponds to n = 1, we have
Py. 5, = 0.198'= 19.8 percent

This is about twice the classical probability. For the first excited state, which corresponds to
n = 2. we have

Ps..«, = 0.0065 = 0.65 percent

This low figure is consistent with the probability density of |¢,|* = 0 at x = 0.5L.
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Example 3.5

Find the expectation value (x) of the position of a particle trapped in a box L wide.

Solution

From Egs. (5.19) and (5.46) we have

(x) = J x‘if;‘z dx = — J‘ x sin? 22X
- L Jo L
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Since sinnm = 0, cos 2nw = 1, and cos 0 = 1, for all the values of n the expectation value of

X 1S
2 ( L’ ) L
x) ] — — —
( L\4 2
This result means that the average position of the particle is the middle of the box in all quan-
tum states. There is no conflict with the fact that ‘qb!z =QatL/2inthen = 2,4, 6, ... states

because (x) is an average, not a probability, and it reflects the symmetry of ‘1};‘2 about the middle
of the box.
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To find the correct momentum eigenfunctions, we note that
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FIGURE 5.17 The probability density for some of the lower energy levels of a particle
confined to the infinite two-dimensional potential energy well. The individual plots are

labeled with the quantum numbers (n,, n ) and with the value of the energy £.
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FIGURE 5.16 The lower permitted energy
levels of a particle confined to an infinite
two-dimensional potential energy well.

fEHEE (degeneracy ) B[ RFA 1!

FIGURE 5.19 Two very different probability densities
with exactly the same energy.



5.9 HPENIBEFE Finite Potential Well
—EARFEALREH V) (Uy) <

L
g <o
A B
! I
e —
0 — Vo
(a)
U - UO
FIGURE 5.6
(a) Apparatus for confining an electron to
U=0 the center region of length L.
(b) The potential energy of an electron in
() this apparatus.




B 5.7 At —EASTENBRH  BEA U BES L HdE— @k
FHEER E /R U- BEFEETRNSE - SR TEREHMBER - ©
§EEPRT Al AR | B AE 11 | - iR 78R A BT &k
B ERREBREE<U - CEXMRENRETERE LIE -

A
e
U BS5.7 —1{E8A RAEMFEHHE
E _____ - A . Bt o e BEMR T R LR
T A FZEURRE -
- > (potential barrier)
-X 0 L +X



Y 2 E =
ox? R’
FEFE Schrodinger JTFE=CE] 8 & ®
2
! J2m(U - A
by =0 4= 42U E) e
dx h
ax — (X o U
v, = Ce" + De x <0
:> ax —(IX I MHE II I[I
Wy =Fe® +Ge® x>L
« >
. = N L -x 0 L +X
v, fl w,, WWREERE
S.D=0HF=0

=y, =Ce" H Wy =Ge™
 0<x<L> U=0 > B8t Schrodinger 7720 5T B
d? 2m

W_II +

Ir2 32 Ey, =0

= Y =Asin Z;HE x+ Bcos il X




FHE—RRREY » Y M dY/de LA x=0flx= L i | WEETE
TE AR Y B S0 38 SRR AN (B R AR A (A - B R A MR R - A REE A

MR - HWECBRBEHTRELR - FRERRAGFHEESR E,
FRENWIEYE - ZEAYFEBRIE MR AT A0 5.8 -

N

1<

(

o
U
53]

|f{;".-'3|z - W\—
NS

Vol

%1% g e

x=0 x=L

Vi(x)
o« cos [(/2mE1/h)«]
/XE_[vzm{VD —E)/h)x
| 1
| -
—m;Z 0 +af2
Y1(x)
/ \( o cos [(v/2mE1/h)x]
—af2 0 +a/2 &

o BALFEBIN A TRARA FAEME -

o Ui B KALREMERFIFAABLL » A K
k& k0 B REYE 84K -



5.10 ZEFERYE Tunnel Effect

 HLTHEGALE -
B1HE 5 = YA E S ? o
barrier ) HYIR

A Ry T
ME o

o FRIBUEE T S N AR
BN T B AR RRIA |




I I 111

|

0 L

(assume 0 < E < U)
In region | :

y, = A" + Be ™
In region II :

y, =Ce ™" + De™*

In region III :

eox ik x
W, =Fe™ +Ge "™

2mE p 2rx
kl b _— e =
h  h A
J2m(U —E)
k, = -
h
- N 2mE _E_Z_zr
Yh on A



U+ i+
WaVaVoVaVaVar = WAV VAW W W aWaWar
Vi

NAK Vi = Ae

G e
) [— —

A s 1k _ _ k
FiERK Wi, = Fe™ = WYy =Yy =Fe™

T— |W111|20111+ _ PF*UHH
|V/I+|QUI+ AA U1

vie ™ v Al AL s TR R A B 2R S

¥ 1A




= ZERIER T~ exp(—2k,L) /\ A [

kz_\/2m(U E) J\/v i

h x =0 x=L

18 1E /AT Re IR BN B R T R exp(—k, LAY 7 |
= HAAE—ENRGT - FRSIET B |

4 > & U—E=1MeVHF » —{if o FIFZF 8 —1{E =
S L~107Y miYgEE - HZERRCR B T~ 1074 {HXS
L~10"3m s B T~ 10738 o

H’“‘l

FHIL A AL SRR 8 YeG » RSB EEIR LE

HER T ET00EEE 7 H RS

; ‘WE}



(EERIEERR TRV B RE

HTLL - SRATEI B A & //“\\\

FETE e P B SHAE R -
HEHERE AelE A okl
7\ N

- ________X,
" | _/
ey

L ]

T ol LT ;

/_ oy \/ZMlU();l) — EJ AXJ N “

X exp
i

zemf_%Tquuoq_ELhJ
& N

E(EAITUE R > EREFRURYEL

ChE 4% - gefEEECERL FREE =26 » 4E L A
EHFMGEUR/N » T<<1 » (b)



Example 3.6

Electrons with energies of 1.0 eV and 2.0 eV are incident on a barrier 10.0 eV high and 0.50 nm
wide. (a) Find their respective transmission probabilities. (b) How are these affected if the barrier

is doubled in width?
Solution

(a) For the 1.0-eV electrons
vV 2m(U — E)
il

V(2)(0.1 X 107 kg)[(10.0 — 1.0) eV](1.6 X 10~ J/eV)
1.054 X 107" ] - s

kzz

=16:% 10" 1
Since L = 0.50 nm = 5.0 X 107" m, 2k,L = (2)(1.6 X 10" m )(5.0 X 107" m) = 16,

and the approximate transmission probability is
Ti=¢ P=g ¥=11%10""

One 1.0-eV electron out of 8.9 million can tunnel through the 10-eV barrier on the average. For
the 2.0-eV electrons a similar calculation gives T, = 2.4 X 107", These electrons are over twice
as likely to tunnel through the barrier.

(b) If the barrier is doubled in width to 1.0 nm, the transmission probabilities become

Ti=13 %107 15 =53 %107

Evidently T is more sensitive to the width of the barrier than to the particle energy here.
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THE SIMPLE HARMONIC OSCILLATOR
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The wave function must fall to zero for both x — +o0 and x — —oo0.
The simplest function that satisfies these conditions, which turns
out to be the correct ground state wave function, 1S (x) = Ao~
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The general solution is of the form ¥, (x) = Af, (x)e™*"
where f, (x) 1s a polynomial in which the highest power of x 1s x”.

The corresponding energies are
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FIGURE 5.21 Energy levels of the simple
harmonic oscillator. Note that the levels
have equal spacing.




The general solution 1s of the form ¥, (x) = Af,(x) o

where / (x) 1s a polynomial in which the highest power of x 1s x”.
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Example 5.7

Find the expectation value (x) for the first two states of a harmonic oscillator.

Solution

The general formula for (x) is

=] xlof ds

In calculations such as this it is easier to begin with y in place of x and afterward use Eq. (5.67)

to change to x. From Eq. (5.72) and Table 5.2,
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The values of {x) for n = 0 and n = 1 will respectively be proportional to the integrals
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The expectation value (x) is therefore 0 in both cases. In fact, {x) = 0 for all states of a harmonic
oscillator, which could be predicted since x = 0 is the equilibrium position of the oscillator
where its potential energy is a minimum.



